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O(N3 logN) Backprojection Algorithm for the 3-D
Radon Transform

Samit Basu, Member, IEEE,and Yoram Bresler*, Fellow, IEEE

Abstract—We present a novel backprojection algorithm for
three-dimensional (3-D) radon transform data that requires
( 3 log

2
) operations for reconstruction of an

volume from ( 2) plane-integral projections. Our algorithm
uses a hierarchical decomposition of the 3-D radon transform to
recursively decompose the backprojection operation. Simulations
are presented demonstrating reconstruction quality comparable
to the standard filtered backprojection, which requires ( 5)
computations under the same circumstances.

Index Terms—Backprojection, 3-D radon transform, fast algo-
rithm, hierarchical, cone beam tomography.

I. INTRODUCTION

RECONSTRUCTION of three-dimensional (3-D) objects
from their plane-integral projections has been a problem

of great interest for well over a decade. Data in the form of
plane-integral projections, also known as samples of the 3-D
radon transform [1] (distinct from the line-integral data of
the X-ray transform) arises in several important applications.
First, in some imaging modalities, such as magnetic resonance
imaging (MRI) or synthetic aperature radar (SAR), it is possible
to sample the 3-D radon transform directly [1], [2]. In fact, in
MRI, data acquisition modes corresponding to samples of the
3-D radon transform, known as 3-D-projection modes, may
offer advantages in terms of robustness to motion artifacts
(e.g., see [3]). Second, much current research has focused on
the derivation of reconstruction algorithms for the cone-beam
acquisition geometry, which assumes a point source and a
two-dimensional (2-D) detector. An important class of inver-
sion techniques, such as Grangeat’s method or Smith’s method
[4], [5], process the cone-beam projections to produce samples
of the first derivative or Hilbert transform of the 3-D radon
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transform. A method for inverting the 3-D radon transform can
then be used to perform the reconstruction.1

In either case, whether the 3-D radon transform data arises
by cone beam data collection followed by a transformation, or
by direct acquisition, the reconstruction problem requires inver-
sion of the 3-D radon transform. Unfortunately, in three dimen-
sions, the standard filtered backprojection (FBP) algorithm is
computationally very expensive, requiring operations
for recovery of an volume from samples of the radon
transform. The standard fast algorithm for reconstruction is the
well-known algorithm of Marret al.[7]. This algorithm is based
on a factorization of the 3-D radon transform into 2-D radon
transforms, and leads ultimately to an backprojection
algorithm.

Recently, however, a number of even faster algorithms have
been proposed to perform reconstruction from 3-D radon
transform data in operations [7]–[9]. These fast
methods are generally extensions of preexisting fast methods
for the 2-D radon transform, and are either reformulations
of 2-D techniques for the 3-D problem, or utilize the Marr
factorization of the 3-D radon transform into a pair of 2-D
radon transforms along with fast 2-D algorithms. To these

algorithms we might add one that can be
constructed by combining the Marr decomposition of [6] with
our own fast hierarchical backprojection (FHBP) algorithm for
the 2-D radon transform [10].

In this paper, we present an extension of our 2-D FHBP
algorithm to a fast backprojection algorithm for the 3-D radon
transform. The resulting algorithm, which we dub the 3-D
FHBP, is a new method for fast backprojection with a cost of

operations for reconstructing a volume from
samples of the 3-D radon transform. The new algorithm is

a “native” 3-D algorithm, and does not rely on the factorization
of the 3-D radon transform into a pair of 2-D radon transforms,
as are used in [6] and [7].

This difference is important because the factorization of the
3-D radon transform relies on a special (angularly separable)
sampling pattern of the parameter space, on which data may
not be available. For example, using the Grangeat transforma-
tion from cone-beam to (derivative of) 3-D radon, data are ob-
tained at particular angles determined by the source trajectory.
To apply the Marr decomposition, they need to be angularly

1Although the 3-D radon inversion may be performed by a FBP-type algo-
rithm, the resulting cone-beam inversion algorithms are usually classified as
radon inversion algorithms. The term FBP or (FDK-type) cone-beam algorithm
is reserved for direct methods that performcone-beam(and not 3-D radon) back-
projection.
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resampled (interpolated) to the separable sample set. In con-
trast, our algorithm may be used directly with “native” sam-
pling patterns, eliminating the need for such resampling. Alter-
natively, our algorithm may be used with a more efficient uni-
formly spaced grid on the unit sphere2 . Data may be directly
acquired on this grid (e.g., in MRI), or resampled to it.

The proposed 3-D-FHBP algorithm consists of the following
steps. The original FBP reconstruction calls for the backpro-
jection of (filtered) plane-integral projections onto a
volume. Each projection is a 1D function corresponding to in-
tegrals over parallel planes. However, using properties of the
backprojection, we decompose this into a sum of eight back-
projections, each of plane-integral projections onto
volumes, where each volume represents one octant of the recon-
struction, centered at the origin. We then note that these back-
projections are “oversampled”, and that the number of plane-in-
tegral projections needed to characterize each volume can be re-
duced by a factor of four. This “scaling” rule is based on a sam-
pling result of [1], and states that for a fixed image bandwidth,
the number of projections needed to reconstruct a volume of
size is proportional to , provided that the projection an-
gles satisfy some technical conditions (see Appendix B). Thus,
each of the eight backprojections can be replaced by a backpro-
jection of plane-integral projections onto volumes.
This results in a factor of four savings in computation over a di-
rect backprojection. If the algorithm is then applied recursively
to each of the octant backprojections, the resulting algorithm
has cost. Thus, reconstruction is possible in a
very small fraction of the time necessary for a regular FBP.

The paper is organized along lines similar to [10]. In Sec-
tion II, we first derive an exact hierarchical decomposition of
the backprojection operation. We then use heuristic arguments
in Section III to construct the fast (and approximate) algorithm.
In Section IV, we demonstrate the performance of our algorithm
on a standard 3-D phantom. Conclusions and proposals for fu-
ture research are given in Section V.

II. HIERARCHICAL DECOMPOSITION OF THE3-D
BACKPROJECTION

In this section, we will derive a hierarchical decomposition
of the 3-D backprojection. In order to construct an accurate de-
composition, we will need to explicitly incorporate the various
discretizations that are commonly used in the formulation of
the reconstruction problem. Furthermore, to simplify the ma-
nipulations as much as possible, we will use an operator for-
mulation, and closely follow the notation of [10]. Hence, op-
erators between discrete spaces will be denoted using a bold
Roman font, and operators between continuous spaces, or be-
tween continuous and discrete spaces will be denoted using a
script font. The Hilbert spaces that will arise in the formulation

2In [6] it was claimed that the separable sampling pattern is suboptimal, be-
cause the samples are not uniformly (in the sense of samples per unit surface
area) distributed on the unit sphere. A similar conclusion follows from our dis-
cussion in Appendix B of Natterer’s results on resolution [1], becuase the sepa-
rable pattern is redundant, containing about twice the number of point sufficient
to ensure that a general sampling pattern ism-resolving.

are , the space of 3-D square-summable sequences in-
dexed by , the space of square-integrable 3-D func-
tions on , the -wise Cartesian product of

, and , the -wise Cartesian product of
. A typical element of is a continuous-space 3-D

object (density), while a typical element of is a dis-
crete/sampled 3-D object. On the other hand, a typical element
of is a collection of continuous-time 1D func-
tions , which represent projections of a continuous
3-D object, and are indexed by , and

. A typical element of the space is a collection
of discrete-time sequences , as might be obtained
by sampling an element of in the “radial” direction,
and indexed by , and .

We will assume that the data collected are samples of the 3-D
radon transform, defined by

where is the Dirac delta distribution, are the unit vectors
in the direction of the angular sample locations, anddenotes
the standard dot product on . For fixed , the 1D function

will be called a projection of in
the direction . While the 3-D-FHBP algorithm can work
with a variety of sampling patterns, for the sake of simplicity,
we will work in this paper with the separable sampling pattern3

defined in spherical coordinates by

(1)

where4 . Note that and are the azimuth
and elevation angles, respectively.

We start with the well known 3-D FBP reconstruction for the
3-D radon transform, which estimates the object
as

(2)

where is the weighted, radially
continuous backprojection, defined as

(3)

3We recall that if data with this sampling pattern is available, then the elegant
method of [6] can be used to obtain reconstructions inO(N ) operations.

4Our somewhat unusual choice of� = (m + 0:5)�� ensures that the
samples at the “north and south poles”, i.e.,� 2 f0; �g are excluded. Further-
more, because of the inherent symmetry of the spherical coordinate system,
!!! = !!! and!!! = �!!! for m;n 2
f0; . . .P=2 � 1g. The radon transform therefore has similar symmetries,
g (s;m; n) = g (s; P�m�1;P=2+n) = g (�s; P=2�m�1;P=2+n),
implying that the set of projectionsfg (s;m; n)g has a fourfold redun-
cancy. Although we use this fact in our implementation, we omit this nuance in
the sequel to simplify the presentation.
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and is a radial convolution oper-
ator, defined by

(4)

where is a suitably chosen apodized second derivative filter
.

In practice it is impossible to implement (2) for two
reasons. First, we do not have access to the continuous pro-
jections , but rather to a sampled set of projections

. We can handle this by applying
standard DSP techniques to the sampled data, and approxi-
mating the continuous convolution with a discrete one. Second,
the left hand side of (2) is a continuous reconstruction that
must be discretized to be represented on a computer. Hence,
any implementation of (2) is ideally composed of the following
four steps.

1) Radial interpolation of the projection data to continuous
projections.

2) Backprojection via (3) to a continuous reconstruction.
3) Sampling of the reconstruction on a uniform grid to obtain

a discrete reconstruction.
4) Truncation of the discrete reconstruction to the size of

interest.

We will define the operator which implements these steps as the
discrete backprojection operator, and denote it .

The operator maps radially sampled radon transform
data back to a reconstruction with support. The oper-
ator depends on a matrix of parameters ,
which we will describe shortly. For notational brevity, we will
occasionally write , when the specific value for is unim-
portant to the discussion.

Based on the steps given above, the discrete backprojection
is defined as

(5)

where operator is the radial interpola-
tion operator (Step 1)

(6)

The function is the radial interpolation kernel. For the case
of linear radial interpolation, we would choose ,
where

else.

The parameter is a matrix whose th
term is the phase of the radial sampling locations for projec-
tion direction . With 0, the radial samples for the

th projection are located at .
With , these sample locations will be shifted by .
The effect of on the sample locations is illustrated in Fig.1.
The role of will be discussed later.

Fig. 1. The effect of� on the sample locations for the radial coordinate of
the projection at direction!!! .

The operator is the generalized sam-
pling, or mollification, operator that represents the sampling of
the continuous reconstruction on a discrete grid (Step 3)

The function is usually taken to be the indicator
function for a unit-size voxel, or the indicator function for a
sphere, so that the samples represent local averages of the recon-
struction. Smoother choices ofmay be more amenable to es-
timating derivatives from the reconstruction, but for simplicity,
we will choose to be the indicator for a radius- sphere.

The final operator is the discrete
truncation operator (Step 4) that zeros all samples outside a
volume of size

else

We can write an explicit expression for by combining
the relevant operator definitions. It is simple to show that

else
(7)

where

(8)

With so defined, we note that the cost of computing
(which dominates the FBP) is operations,

assuming that (and thus ) has small support. If ,
then we recover the cost for the standard backprojec-
tion. Our goal in this paper is to derive a fast approximation to

by constructing a hierarchical decomposition for it. We
begin by constructing an exact, but slow decomposition
for it. The result is a decomposition of as a sum of
backprojections onto smaller volumes, which are then shifted
and added to form the larger volume.

In order to construct a valid decomposition of the backprojec-
tion operation, we need a crucial property of the backprojection
operation:backprojection is local, i.e., each point in the back-
projected volume is affected only by projection data for planes
passing through a neighborhood of that point. As a result, when
backprojecting onto a portion of the final volume, we will be
able to ignore all projection data that does not affect points in
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that portion of the volume. To see the argument formally, we
first consider the operator , which can be written explic-
itly (by expanding (5) with ) as

(9)

where denotes the standard infinity norm. Suppose, now,
that has radius of support , and has a radius of support

. Then it is simple to show through geometric arguments and
algebraic simplification, that the integrand of (9) vanishes for
all satisfying

(10)

Thus, for a given , the projection sample is not
used in (9) for any if and only if

(11)

We can simplify (11) by settling for a looser, sufficient con-
dition on , by applying the inequality to
yield the condition

(12)

or, by an application of the triangle inequality and the fact that

(13)

Hence, we define a radial truncation operator
which keeps only those points

that satisfy one of (11), (12) or (13). For simplicity we will use
(13) in the definition

else

The following property is a direct consequence of our con-
struction of .

Property 1 (Truncation of Input):

(14)

We also need four shifting operators. The first is a discrete
object shifter , for , defined by

The second is a continuous object shifter
, for , defined by

We will also need shifting operations in the radon transform
domain. The third shifter is a discrete projection radial shifter

for , defined by

and the fourth and final shifter is a continuous projection radial
shifter for , defined
by

The shift and truncation properties from [10] hold for these op-
erators, with minor changes due to notation. We will restate
them without proof.

Property 2 (Shift Property of ):

(15)

where .
Property 3 (Shift Property of ):

(16)

for .
Property 4 (Shift Property of ):

(17)

where is rounded to the the nearest integer and
.

Remark: The need for Property 4 is the motivation behind
the introduction of into (6), and thus into . If we assumed
that all of the projections were radially sampled at the same ra-
dial locations, so that effectively 0, then continuous shifts of
the projections that are not exact integers cannot be represented
in terms of exact manipulations of the discrete projections (i.e.,
in general radial shifts and do not commute). However, by
adding the additional degrees of freedom represented by, these
operations do commute. Furthermore, Property 4 is necessary
for the construction of the slow hierarchical decomposition (see
Theorem 1 below, and the proof in Appendix A).

With the properties, the following decomposition can be con-
structed.

Theorem 1: For

(18)

where and

(19)

for , and

(20)

for .
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Fig. 2. Diagram of the decomposition of Theorem 1.

The proof of this theorem is given in Appendix A.

The interpretation of Theorem 1 as a procedure for backpro-
jecting projections onto an volume is as follows.

1) Exact Subdivision:Subdivide the projection data into
eight sets, one for each octant of the original recon-
struction, by computing . This
corresponds to a discrete radial shifting, and truncation
operation.

2) Backprojection:Backproject the projections in each
to form , the th octant of the reconstruction (size

), centered at the origin.
3) Aggregation:Shift and add the eight octants to form the

final reconstruction volume.

The process is exact, i.e., no approximations are involved in
the construction of the decomposition. Furthermore, the process
can be applied recursively to the backprojections of the octants,
a point we will return to later. The decomposition for a single
application of Theorem 1 is illustrated in Fig. 2.

To determine the complexity requirements of computing
via Theorem 1, let us assume that direct computation

using Eq. (9) requires a total of operations. Then
the subdivision step (Step 1) requires, for the nonzero points
of operations for each , for a
total of . By our assumption, each backprojection
step (Step 2) requires operations per octant, for
a total of operations. The aggregation step (Step 3)
requires operations. The total operation count is thus

. The exact hierarchical decom-
position of Theorem 1 leads to a slow algorithm, as
claimed. However, it is the basis of the fast algorithm we will
develop in the next section.

III. FAST HIERARCHICAL BACKPROJECTION

A. Sampling the 3-D Radon Transform

To construct the fast algorithm, we note that in the decompo-
sition of Theorem 1, the backprojections of the octants are of the
form of projections onto volumes,
while the original backprojection was , i.e., projections
onto volumes. A similar situation occurs in the 2-D
case. There, the backprojection ofprojections onto an
image is decomposed into a sum of four backprojections of
projections onto sized images, each centered at the
origin. Next, we recall the sampling result of [11], which states
that the number of angular samples needed to characterize the
radon transform is proportional to the linear size of the image.
Using this result, we argued in [10] that the sinograms could be
angularly decimated by a factor of two prior to backprojection.

To make a similar argument in the 3-D case, we require a re-
sult analagous to the sampling result of [11]. In particular, we
require a “scaling rule” that states that the angular sampling
interval is inversely proportional to the
size of the object. Some recent work has established the spec-
tral support of the radon transform, providing a “bow-tie” like
result for the 3-D problem [12], [13]. Sampling results for es-
sentially bandlimited functions have also been available in [1].
In Appendix B, we use these sampling results to derive the re-
quired scaling rule: that the angular sampling interval for the
separable sampling pattern is inversely proportional to the ob-
ject radius. Also, note that the scaling rule is significantly more
general. The total number of projections required depends on
the object radius, regardless of the sampling pattern (provided
it satisfies certain technical conditions). Thus, for a fixed object
bandwidth, the sampling intervals are inversely proportional to
the object size, and hence samples are sufficient to
characterize the 3-D radon transform of asized volume.



BASU AND BRESLER: BACKPROJECTION ALGORITHM FOR THE 3-D RADON TRANSFORM 81

B. Single Stage

Using , it follows that, because the backprojec-
tions of the octants in Theorem 1 have the form , the cor-
responding projections can be angularly decimated by a factor
of four (a factor of two in and a factor of two in ) prior to
backprojection, introducing only a small error. Hence, to con-
struct the fast algorithm, we will replace the operator
in Theorem 1 by , where is an angular smoothing
and downsampling operator. It maps a set ofradially discrete
plane integral projections to a set radially discrete pro-
jections. Thus,internally, will have additional steps
not appearing in the fours-step definition of , although
functionallyit will be equivalent to it (to a good approximation).

Note that the argument about angular sampling (and decima-
tion) of the 3-D radon transform applies to the radially contin-
uous rather than radially discrete data. Therefore, the angular
decimation step must be “sandwiched” between radial interpo-
lation and resampling steps. Thus, we constructusing the fol-
lowing sequence of steps.

1) The radially discrete projections are interpo-
lated to radially continuous projections with

.
2) The radially continuous projections are angularly deci-

mated by a factor of two with respect to bothand to
form with .

3) The radially continuous projections are re-
sampled for input to .

The first step is accomplished, just as in the construction of
, by . For the second step, we define an angular dec-

imation operator , which is
a convolutional angular smoothing followed by angular down-
sampling. The angular smoothing is given by

(21)

where the function is the smoothing kernel that reduces the
aliasing errors in the angular decimation step, and the
accounts for the periodicity of with respect to the spher-
ical angles. The summation overand extends over the support
of . Angular downsampling retains only the even-indexed sam-
ples , so that the decimation operator is defined by

(22)

The final step, which converts the radially continuous projec-
tions back to radially discrete projections for input to ,
is accomplished by simply resampling the projections radially
using a resampling operator ,
defined by

Combining , and , we arrive at the following definition
of

where is defined by

(23)

The expression simplifies further in the special case thatis a
smoothing kernel, so that the summation only extends over

. In this case the operation is inactive,
and can be dropped.

In interpreting the algorithm, it is important to note the role
of the smoothing step in the decimation operator. In addition
to preventing aliasing in the downsampling step, it also ensures
that information from all the projections is retained in those kept
after downsampling. Otherwise, the performance of the algo-
rithm in the presence of noise could suffer. Indeed, the ideal
anti-aliasing smoothing filter for a factor 2 decimation in each
coordinate is an ideal 2-D low-pass filter with cutoffs at radian
frequencies of . Assuming that the projections are corrupted
with white noise, the noise variance in each projection after dec-
imation is reduced by a factor of 4. Because the
number of projections has been reduced by the same factor, the
signal to noise ratio is not affected.

To demonstrate how is incorporated into the hierarchical
decomposition of the backprojection, we first recall the decom-
position of Theorem 1

(24)

We now make the approximation

(25)

where for is downsampled by
two, i.e., . Substituting (25) into (24)
yields

One final application of Property 1 yields

(26)

Defining the operator as

the decomposition is compactly rewritten as

(27)
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Fig. 3. Diagram of the decomposition of (26).

The decomposition of (26) can be described as the following
sequence of steps.

1) Approximate Subdivision:Subdivide the projection data
into eight sets, one for each octant of the original re-
construction, by computing . This corresponds
to discrete radial shifting, truncation, radial interpolation
and resampling, angular smoothing and downsampling.

2) Backprojection:Backproject projections contained
in each to form , the reconstruction of theth octant.

3) Aggregation:Shift to the appropriate octant of the final
reconstruction, and add into place.

This sequence is diagrammed in Fig. 3. Comparison with Fig. 2
reveals the addition of the angular resampling steps, which form
the basis of the approximation.

To determine the computational cost of using (26) to com-
pute , we make the same assumption as we did in the pre-
vious section, i.e., that requires operations. The
approximate subdivision step (Step 1) requires
operations per octant, wheredepends on the choice ofand

in (23), as well as the choice of (11), (12) or (13) in the def-
inition of . We arrive at this figure by noting that
is nonzero for points, and that each point (within
indexing), requires a constant number of operations for a fixed
choice of algorithm parameters ( , etc.). Thus, the total
cost for Step 1 for all octants is . The cost of the backpro-
jections (Step 2) is operations per octant for
a total of . Finally, the cost of the aggregation step
(Step 3) is still operations. The total cost for (26) is thus

operations, for roughly a factor
of four speedup over (9) for large .

C. Recursive Form

The savings from the use of (26) for a single stage of the de-
composition as described in the previous subsection, is a factor

of four in computation. To realize the speedup, we
must apply (26) in a recursive manner, i.e., replace the backpro-
jections in Step 2 with (26). Equivalently, we define a fast back-
projection operator in a recursive manner with the following pair
of equations5

(28)

Fig. 4 shows the application of (28) for the case 4.
To determine the computational cost associated with (28), we

assume that the backprojection of projec-
tions into a single voxel, requires constant time. The cost of
the algorithm is then dominated by the computation ofand

at each level of the decomposition. Again, assuming that
, these steps require operations, where is

the size of an octant at theth level in the decomposition. Now,
there will be a total of octants at level in the decomposition,
each of size . Thus, the total operation count per level of
the reconstruction is a constant opera-
tions. There are a total of levels, so the total cost of the
algorithm is simply , where
includes implementation-dependent factors.

The storage requirements of the fast algorithm can also be
computed. The FBP algorithm requires space to store the re-
construction volume and a single projection. A straightforward
implementation of the fast algorithm requires space,
as the reconstruction volume computations can be done in place
(thereby eliminating the need to explicitly shift the octants and
add them back in place), and the projection data manipulations
require at most space. To explain this last fact, note that

5This type of recursive definition occurs frequently in signal processing ap-
plications, and is one way to approach the construction of the fast Fourier trans-
form (see, [14]).
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Fig. 4. Diagram of the computation of~B for N = 4 andP = 8.

the original projection data requires space. For the decom-
position, space is required to store the projection data for an oc-
tant (i.e., ). This is at most . Due to the recursion, an
additional space will be required at each level of the re-
cursion, but all computations at a given level can be done using
the same space (in the form of a stack). Thus, the total space
requirements in terms of the projection data are at most (for
approaching infinity) . Thus,
in principle, the fast algorithm requires only slightly more space
than a straightforward FBP algorithm.

D. Upsampling

While the recursive application of (26) leads to an
algorithm, it has been our experience in

2-D that artificially increasing the radial and angular sampling
rates improves the accuracy of the reconstruction, at the cost
of a higher operation count. Following our approach in [10],
we propose to increase the radial sampling rate by simply
resampling the projections with a higher sampling rate by

means of the interpolation kernel. Thus, we define a radial
upsample-by-C operator by

The radial upsampling is performed prior to calling the fast re-
construction algorithm, with replaced by . Although our
complexity analysis ignored the exact influence ofon the cost,
its trivial to show that the cost of the algorithm increases linearly
with . The space requirements also increase linearly in.

For angular upsampling, however, we take a different ap-
proach. If we simply angularly upsample the data by factor
in both the and directions, the storage requirements of the
algorithm increasequadraticallyin . Thus, if we wish to angu-
larly upsample by a factor of 4 in each direction, the space
requirements increase by a factor of. This is inefficient, in
light of the following, more elegant approach.

To achieve angular upsampling, let us recall Theorem 1.
There, a backprojection of an object using projections
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Fig. 5. A simplified diagram of the recursive decomposition when one stages of Theorem 1 is used prior to decomposing via (27).

was decomposed into 8 backprojections of objects
using the same number of projections. Hence, these smaller
backprojections are effectively angularly upsampled by a factor
of with respect to both and . By applying Theorem 1 for a
total of times, we decompose into backprojections,
each of the form . Thus, we can increase the angular
sampling rate by with respect to both and . Fig. 5
illustrates this process for 4 when Theorem 1 is used once,
and (27) is used for the remaining subdivisions. Comparing
Figs. 5 and 4, we see that the number of projections used in
the single voxel backprojections has increased fourfold by a
single application of Theorem 1. Furthermore, an analysis of
the space requirements reveals that the space requirements
remain . So in terms of space requirements, this is a
very efficient way of boosting the angular sampling rate. A
flowchart of the algorithm is given in Fig. 6.

Of course, the cost requirements increase dramatically with
. For small, relative to , the operations in Theorem 1

are negligible, and the dominating cost is the evaluation of
backprojections, each of projections onto

volumes. If these backprojections are performed using the

recursive fast algorithm, then the dominant term in the total
cost is . Of course for

fixed, the factor of is negligible as becomes large.
Note that is the same complexity factor incurred by simply
upsampling the data prior to invoking the algorithm.

There is a degree of flexibility in terms of the ordering of
the various stages of the decomposition. For example, we have
described (and implemented) the scheme in whichapplica-
tions of Theorem 1 are followed by applications of
(26). But the ordering of the steps is arbitrary. Further research
is necessary to determine the optimal placement of theexact
decompositions among the stages.

IV. SIMULATIONS

In this section, we present some simulation studies that we
have performed on our fast backprojection algorithm, using the
Shepp-Logan 3-D head phantom [8]. To use our fast backprojec-
tion algorithm for reconstruction, it is first necessary to radially
filter the projections with an approximate second-order deriva-
tive kernel. We have used the standard second order difference
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Fig. 6. A flow chart of the proposed fast 3-D backprojection algorithm. The routinef = 3DBP (g;N; P ) is a single-voxel backprojection routine. The operator
subscripts have been suppressed for readability.

TABLE I
PARAMETERS USED IN THE 3-D-FHBP-AND FBP-BASED RECONSTRUCTIONS

kernel, as described in [6]. Synthetic plane-integral projections
were computed for 256, and the reconstruction volume was
size 256. The detector spacing was set to 0.5. The
choices for the various parameters are summarized in Table I.

In Fig. 7, a montage of slices from the original phantom,
the FBP reconstruction and the 3-D-FHBP reconstruction are
shown. The left hand column of Fig. 7 contains slices from the
Shepp-Logan 3-D head phantom. The top slice is in theplane

at 0.125, the middle slice is in the plane with 0.25,
and the bottom image is in the plane with 0. The center
column consists of the same slices from the FBP reconstruction.
The rightmost column consists of slices from the reconstruction
method proposed in this paper. The algorithm was run with a
radial oversampling factor of 2, and 2 levels of the exact
decomposition. For all images, the grayscale display was set to
the range to show the small features of the phantom.
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Fig. 7. A montage of slices through the phantom (lefthand column), FBP reconstruction (center column) and 3-D-FHBP recosntruction (right column). The top
row is anxz slice through the reconstructions, the middle row is ayz slice, and the bottom row is axy slice. The 3-D-FHBP reconstruction algorithm was 200
times fast than the FBP in this instance.

In Fig. 8, plots of rows and columns of these images are shown
for comparison. The top plot is through column 160 of all three

images. The middle plot is through row 206 of all three
images, and the bottom plot is through column 96 of all three
images. Note that both the FBP and the 3-D-FHBP reconstruc-
tions accurately recover the small details present, including the
sharp edges.

Based on run times for these simulations, we estimate that
a complete FBP reconstruction of the 256volume would take
approximately6 3000 hours on a single central processin unit
(CPU) from an SGI Origin 2000. With the stated parameters,

6This figure is an estimate for two reasons. First, our implementation was a
parallel implementation. Second, we only reconstructed the specific slices of
the FBP reconstruction of interest, instead of the entire volume.

the 3-D-FHBP reconstructions took 15 hours on a single CPU
of this machine. We expect the speedups to become more sig-
nificant for progressively larger reconstruction volumes.

To provide a more quantitative comparison of the 3-D-FHBP
and FBP reconstructions, we computed point spread functions
(PSFs) for both algorithms using the same parameters as above.
Fig. 9 depicts PSFthe spherically averaged PSF for a point at
the isocenter. Note that even though the test point was at the
isocenter, this is not a special point for the FHBP algorithm. In
the process of performing the backprojection, the octant con-
taining the isocenter is repeatedly shifted so that the center of
that octant is properly centered. As a result, the sinogram un-
dergoes significant shifting and nontrivial angular decimations.
The good match between the psfs provides additional evidence
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(a) (b)

(c)

Fig. 8. Cuts through rows and columns of the images in Fig. 7. (a) column 160 of the top row of images in Fig. 7. (b) row 220 of the middle row of images in
Fig. 7. (c) row 186 of the bottom row of images in Fig. 7. In each plot, the dotted line represents the phantom, the broken line the FBP reconstruction, andthe solid
line the 3-D-FHBP-based reconstruction.

that the FHBP algorithm provides high-quality reconstructions
with a significant speedup over direct reconstruction.

V. CONCLUSION

We have demonstrated a novel 3-D backprojection algorithm
with cost that uses a hierarchical, recursive de-
composition of the backprojection operation to achieve signif-
icant speedups over direct computations. Experiments with a
head phantom show good performance, orders of magnitude
faster than the direct FBP. The algorithm may be used to obtain
an reconstruction algorithm for cone-beam to-
mogrphy, by combining it with a fast hierarchical 2-D reprojec-
tion algorithm [15] to compute the 2-D radon transforms arising
in a a Granget or Smith transformation from cone-beam to 3-D
radon data. Future research will address the evaluation of the re-
sulting cone-beam algorithm, as well as the issue of direct com-
parisons with the methods of [6]–[8].

Fig. 9. A comparison of PSF for the FHBP and FBP algorithms for the
isocenter point. The PSFs were spherically averaged to produce these plots.
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APPENDIX A
PROOF OFTHEOREM 1

Proof: For

Property 3

Property 2 and 4

Property 1

where .

APPENDIX B
SAMPLING THE 3-D RADON TRANSFORM

In this appendix, we consider the problem of sampling the
3-D radon transform. Our goal is to find a “scaling” rule that re-
lates the angular sampling interval to the object radius (provided
the bandwidth of the object is fixed). The rule can be easily de-
rived from [1, Theorem 2.4, Ch. III]. Let be an essentially
bandlimited function with essential bandlimit(meaning that
the norm of the spectrum of is negligible outside a ball of
radius ), and assume is supported on the unit ball (i.e., the
radius of support of is unity). Then it follows from [1, The-
orem 2.4] that can be reliably recovered from samples of its
3-D radon transform at a set of angles provided it satisfies
the following two conditions.

1) is -resolving, meaning that no nontrivial trigono-
metric polynomials of a special form vanish on (see
[1, page 69]).

2) .

For the 3-D radon transform, condition 1) is satisfied for al-
most all sets of angles. In particular, for the

separable sampling pattern with directions defined by
, it can be shown that the resulting

set is resolving. Condition 2) provides the scaling rule.
To see how, let be an essentially bandlimited function of unit
bandwidth, with radius . If we let , then
is an essentially bandlimited function of bandwidthwith unit
radius. Furthermore, if is a plane-integral projection of
at direction , then by rescaling we can recover , the
plane-integral projection of in the same direction. Thus, if we
can recover from its projections , then we can recover
from from its projections . The scaling rule is completed
by applying condition 2), so that is sufficient to guar-
antee recovery of both and .
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